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Abstract

In this paper the physical situation of three collinear, axisymmetric masses is studied
within the framework of Einstein’s general theory of relativity. A solution is found, and
the feasibility of the existence of coupled negative~positive masses is demonstrated in
direct correspondence to such a feasibility in Newtonian theory.

1, Introduction

In 1936 Silberstein claimed that he had found a solution to Einstein’s
gravitational field equations that represented two isolated, axisymmetric masses
and that, contrary to “man’s most ancient, primitive experience”, they did not
gravitate towards each other but remained at rest. In the same journal, Einstein
and Rosen (1936) contradicted Silberstein’s claim and showed that, indeed,
the solution did represent two isolated mass centers but they were separated
by a strut sufficient to hold the two masses apart and thus produce a static
situation. In fact Silberstein had reproduced Curzon’s (1924) solution to the
same physical problem.

It occurred to the author that a similar static situation could be achieved if
the strut were replaced by a body that had the power to repel the two mass
centers in such a way as to equally balance their mutual gravitational attraction.
Accordingly, following Bondi’s (1957) argument, the intermediary body was
chosen to be one of negative mass; clearly, in the Newtonian picture three such
suitably chosen masses would lie in a straight line without any relative motion.

In Sec. 2 the problem of looking for such a three-center solution is defined
and solved, the results being in agreement with Newtonian phenomenological
feasibility. In Sec. 3 the author looks to a special case, and in Sec. 4 a dis-
cussion of the results is given.
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2. The Problem
2.1 Definition

Given the axisymmetric line element in cylindrical polar coordinates (p, z,
1)
ds* = e¥c? dr? — e P [e*Mdp® +dz?) + p? d¢?] 2.1
it is easily shown that substitution into Einstein’s vacuum field equations results

in four partial differential equations in the two parameters ¥(p, z) and N(p, ),
namely,

V=0 (2.2)
o_ [(on\2 (a2 s
dp P ap] \az 23)
oA v v
g, LD 2.4
oz P oapoz @4)
é).z_?l%.@_;_ ?..V_ 2 + ?lj_ 2 -0 (2 5
9% 0z \op oz )

The problem thus reduces to one where, given the well-known solutions to
Eq. (2.2), we substitute into Egs. (2.3) and (2.4) and integrate. As a check, any
solution so obtained must also satisfy Eq. (2.5).

The solution to the metric (2.1) that represents a single isolated axisymmetric
body is given as!

v=—Gmjc*r, r*=p?+z? (2.6)
and
N=—G*m?p? 2ctr? Q7

m being the mass of the body located at the origin, G the gravitational constant,
and ¢ the speed of light in vacuo. In this paper we consider a solution of Eqg.
(2.2) in the form

3
V= — z Lil’i_l (28)
i=1
where
Li = Gmi,/cz
2.9)

rr=p% + (2 +o;)?
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2.2 Integration of Egs. (2.3) and [2.4)
Given Eq. (2.8), then clearly
ov 3

—=p 3 Ly (2.10)
ap igl i

v 3 B
Py lgl Li(z + o)r;

oA 3 T
—=p 2 LiLi[p* — @ +a)(z +o)lrr 73
o =
3
5 3 LAP — G +a)ln 1D
i=1
3 2
+p 3 LLile* -z +a)(+ap)lr 3
2
11]36}'

and

oA 3
—=20% > L@z +a)r;®
0z i=1

3
+2p% 2, LiLi{(z + o) + (z t )] ri""’rj“?’ (2.12)
Li=1
i
After some manipulation it is a relatively straightforward matter to show that
integration of Eq. (2.11) with respect to p yields

3
A=—3 > PPt
i=1
L2 -1 -2 ~1 -1
=3 2 LidylOm) ™ — (s — o) 07! 1] +AQ2)
i, j=1
P (2.13)

Differentiating Eq. (2.13) with respect to z and comparing the result with Eq.
(2.12) yields

A(z) = const 2.14)

The constant (2.14) is chosen so as to make the metric Minkowskian at infinity,
thus

3
A=~ 3 LiLie;—o) (2.15)
l,,'];e_jl
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The complete expression for A is then
3
A=—% > p’Lir?
i=1

3

*%_ 2 LiLyf(rrp)™" — (o — ) (™ + 17 ) + 20 — o) 2]
i 2.16)

2.3 The Relationship between L, L,,and Ly

In order that this solution represent three isolated masses lying on the z axis,
not only must v and X and their first derivatives be continuous, but A must
vanish everywhere for p = 0, except at the mass points. This latter condition
is necessary in order that the infinitesimal circle in the plane z = const, 7 = const
with center p = 0 will have the ratio of circumference to diameter equal to
m2. By considering Eq. (2.16) and the fact that

riry sin Gi]'=,0\(01i~—06j)| (217)

where 0;; is the angle subtended by 7; and 7y, it is easily seen that

3 3

A=—% > 0L }_‘1 LiLi(cos 0;; — 1)(a; — o)™ (2.18)
i=1 Lj=
ifj

In order that A(p =0, z) =0 then

3
2 LiL(ey — o) (cos 04 — 1)l p=0 =0 (2.19)
L i=1
i#j
Clearly at all points on the z axis and outside the grouping of the three mass
centers 0;; = 0, and Eq. (2.19) is satisfied.
However, to satisfy Eq. (2.19) for all points within the grouping of the
three mass centers, we must impose the further condition
L s (0 — 0g)? . . )
—t = ()T L k=1,2,3iFjFk# 220
L (=) @) 1#] i (220

Equation (2.20) is just the condition for the equilibrium of two positive (or
negative) masses held apart by the counterbalancing repulsion of an intermediary
negative (or positive) mass.

Equations (2.8), (2.16), and (2.20) thus complete the solution.

3. A Special Case

If we now look to the situation of two equal masses m situated at z + ¢ and
a mass of —m/4 situated at the origin, then in Newtonian theory and in general
relativity they will all lie at rest in equilibrium,
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In general relativity the metric is then given by Eq. (2.1), where

(1 1 1)
v=—Lf—+— - —
ry I, 4r

2r2 2 2 2 2
o PL (_.1_+_l_+ 1) L_F_a_,_z., a

2 \n® nt 16t 4d? |rr rir oryr
ror ror r r
B DO T S S 3.1
Fa Py Ky T Ky T
where
nP=p @ ra?,  rtepit@-af,  Pepi+r
and
L=Gmec™?

If we consider the limit, as @ - 0, of both » and A, we find that after a repeated
application of L'Hopital’s rule

v==L'rt, A=—p2L"%2r% (3.2

where
L'=7L/4

This is the single-center solution for a mass equal to the algebraic sum of the
masses m, m, and —m/4, in agreement with Egs. (2.6) and (2.7).

4. Discussion

While it has long been known that Newtonian theory admits the possibility
of negative mass and also the combination of negative and positive mass, it was
not clear that the latter situation could find its paraliel in Einstein’s general
theory of relativity. As Bondi notes (1957), the integration that gives the
Schwarzschild solution produces a constant that is identified with the mass of
an isolated spherically symmetric particle. The sign of the mass can be chosen
as positive or negative so as to correlate with position or negative mass in
Newtonian theory. This paper, however, presents for the first time a complete
solution involving masses of both signs in general relativity in direct correspon
dence with the Newtonian picture.

Consistency with previous results is also demonstrated by considering the
limit, as the separation parameter goes to zero, of a three-center situation that
is symmetric about the origin.

It should also be noted that this work will quite easily extend to »n bodies
lying on the z axis such that # is an odd number and the masses are alternately
positive and negative, being of suitable size so as to lie in equilibrium.



366 DEXTER J. BOOTH

References

Bondi, H. (1957). Reviews of Modern Physics, 29, 423.

Curzon, H. E. J. (1924). Proceedings of the London Mathematical Society, 23, 477
Einstein, A. and Rosen, N. (1936). Physical Review, 49, 404.

Silberstein, L. (1936). Physical Review, 49, 268.



